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A B S T R A C T
In this paper, a new class of second-order digital ﬁlters is developed by using the concept of wave char-
acterization, fractional bilinear transform and generalized immittance converter (GIC). These second-
order digital ﬁlter sections are used as building blocks in cascade synthesis. During the realization procedure,
fractional bilinear transform is utilized for analog to digital conversion to get more competent digital
ﬁlter sections. The noise performance of the proposed ﬁlter sections is compared with that of already
known GIC second order digital ﬁlter sections. The proposed synthesis yields lowpass and highpass ﬁlters
with ameliorated signal to noise ratio in comparison to that of the conventional GIC digital ﬁlters.
Copyright © 2015, The Authors. Production and hosting by Elsevier B.V. on behalf of Karabuk
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).
1. Introduction
The Wave theory was introduced by A. Fettweis [1] in 1971 to
represent a ﬂexible and real-time capable approach for the dis-
cretization of analog networks that exhibits numerous favorable
properties such as passivity, stability, numerical robustness and
modularity. By incorporating the concepts of incident and re-
ﬂected wave quantities of wave theory along with the use of the
bilinear transformation, digital realizations can be obtained for
passive and active elements [2–4]. In 1977, Antoniou and Rezk [5]
utilized the wave theory to derive digital ﬁlters from an analog ref-
erence conﬁguration comprising GICs and resistors, these ﬁlters are
known as GIC digital ﬁlters. These ﬁlters possess many attractive
features such as stability, low noise, low sensitivity and absence of
limit cycles [6–8]. The GIC digital ﬁlters have comparable sensitiv-
ity and noise characteristics in relation to the wave digital ﬁlters
derived from doubly terminated LC networks. These digital ﬁlter sec-
tions were used as building blocks in cascade synthesis to obtain
any nth-order digital ﬁlter [5].
While designing a digital ﬁlter, discretization is realized by the
means of bilinear transformation [9]. The bilinear transform is the
most extensively adopted transformation. However, while perform-
ing analog to digital conversion, it has a large frequency warping
effect. It is due to the fact that the analog frequency approaching
∞ is mapped onto the digital frequency π. Bilinear transform com-
presses the frequency axis, providing sharper transition band
whereas the high frequency region in analog domain is severely com-
pressed and distorted [10]. Hence, in this paper to overcome these
nonlinear effects fractional bilinear transform is applied which has
much better linear mapping for A/D conversion so as to provide
better approximation for the frequency response of the analog ﬁlter.
In this paper, a newGIC digital structure is proposed, which is used
todevelop standardﬁlter sections. These sectionshavebetter noiseprop-
erties than those of theGICﬁlter sections. This improvement is achieved
by making use of fractional bilinear transform. Structurally this work
is divided into seven sections including introduction and conclusion.
Section 2 gives a brief introduction of the fractional bilinear trans-
form and its linearity comparison is shownwith respect to jω line and
the bilinear transform. In Section 3, a new GIC digital structure is ob-
tained from an analog GIC conﬁguration by using themethodology of
wave characterization and fractional bilinear transform. This new struc-
ture is termed as the fractional GIC structure. In Section 4, an analog
reference conﬁguration is used to obtain the biquadratic digital ﬁlter
structure. This structure is used to realize lowpass, highpass, bandpass
and bandstop ﬁlter sections. These resultant second-order ﬁlter sec-
tions are further used to obtain cascade structures. In Section 5, signal
scaling is discussed, which is applied to improve signal to noise ratio.
The noise generated by virtue of the product quantization is explored
and the power spectral density (PSD) is computed. Section 6 dealswith
the noise comparison between the proposedﬁlter sections and the con-
ventional GIC sections.
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2. Fractional bilinear transform
The fractional bilinear transform (FBT) for analog to digital con-
version is introduced by Pei and Hsu in [10]. The equation for
fractional transform is given by
F z
dT
z
z
d
dfrac ( ) = −+
−
−
2 1
1
(1)
where d can be any fractional value between 0 < d < 1 and T is the sam-
pling time. It is similar to the integer-order bilinear transform if z d− is
replaced with z−1. By substituting e j Tω for z in equation (1), we get
F e
dT
j
d
Tj Tfrac ω
ω( ) = 2
2
tan (2)
The above transfer function approaches jω if d approaches zero.
d
j TF e j
→
( ) =
0
lim frac ω ω (3)
Since z d− in equation (1) is a not an integer delay, it is unreal-
izable in practice. Thus, the Lagrange interpolation method [10,11]
is used for approximation of fractional delay as
z h n zd n
n
N
− −
=
≈ ( )∑
0
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where impulse response h(n) is calculated by
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n kk k n
N
( ) = −
−
= ≠
∏
0,
where d is the fractional part of the delay, 0 < d < 1 and N is the order.
In this caseN = 1, which corresponds to h(0) = 1 − d and h(1) = d. Finally
fractional delay can be represented in term of integer delay as
z d dzd− −= −( ) +1 1 (5)
Substituting z d− from equation (5) in equation (1), we get the
ﬁrst order fractional bilinear transform.
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FBT can take any value of d, 0 < d < 1. From equation (3), it can
be seen that FBT have linear magnitude response if d approaches
zero as shown in Fig. 1. So for simplicity d = 0.1 is considered. For
d = 0.1, equations (5) and (6) become
z z− −≈ +0 1 10 9 0 1. . . (7)
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The ﬁrst order fractional bilinear transform for d = 0.1 is pre-
sented in equation (8). It is to note that the multiplier in equation
(8) is 20, which could be slightly tuned to value 21 to obtain equa-
tion (9).
F z
T
z
z
frac ( ) = −
+
21 1
19 1
(9)
This multiplier is tuned tominimize the absolutemagnitude error
deﬁned as F e jjfrac ω ω( ) − and shown in Fig. 2.
It is observed from Fig. 1 that the fractional bilinear transform
for d = 0.1 has linearmagnitude response over awide frequency range
as compared to that of the bilinear transformation, making it a pref-
erable choice for A/D conversion.
Fig. 2 shows the absolutemagnitude error. It is clear that the solid
line in Fig. 2 has a much smaller error in the range ω ≥ 0.2π than
the bilinear one (dotted line). Hence, the fractional bilinear trans-
form outperforms bilinear transform in the magnitude error sense.
Hitherto, bilinear transform is used to derive the GIC digital struc-
ture [5]. In this paper, fractional bilinear transform and wave
characterization is utilized to obtain a new fractional GIC digital
structure from an analog GIC conﬁguration.
3. Synthesis of current conversion GIC
Wave equations and bilinear transform based digital realiza-
tion of conductances, voltage sources, wire interconnections and GIC
are given in Fettweis [2] and Antoniou and Rezk [5]. In this paper,
wave equations and fractional bilinear transform are used to obtain
a new fractional GIC structure. The current conversion GIC (CGIC)
is a two port network as depicted in Fig. 3 [12]. It is characterized
by
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V V I h s I1 2 1 2= = − ( ), (10)
where h(s) is the conversion function.
Any analog n-port network can be characterized by applying the
concepts of incident and reﬂected wave quantities. The digital struc-
ture corresponding to Fig. 3 is obtained by using the wave
characterization [1].
A V I G
B V I G
k k k k
k k k k
= +
= −
(11)
where Ak and Bk are referred to as the incident- and reﬂected-
wave quantities, respectively and for two-port network, k = 1, 2. Gk
is the port conductance, Vk and Ik are the voltage and current at the
kth port, respectively. Using equations (10) and (11), we get
B A A A F z
B A A A F z
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With h(s) = s, equation (13) is rewritten as
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and by putting G
G
dT1
22
= , equation (15) is simpliﬁed to
F z d dz( ) = − + −1 1 (16)
For d = 0.1, F(z) is given by
F z z z( ) = + = +( )− −0 9 0 1 0 1 91 1. . . (17)
Equations (12) and (17) yield a digital realization of the CGIC
which is shown in Fig. 4. This digital realization of the CGIC is re-
ferred to as the fractional GIC structure. The symbolic representation
of Fig. 4 is shown in Fig. 5.
4. Analog reference conﬁguration
An analog GIC reference conﬁguration, which comprises three
conductances and two CGICs [13] with h(s) = s is shown in Fig. 6.
The transfer function realized by this conﬁguration is given by
H s
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D s
k G s k G s k G
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+ +
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0 2 2
2
1 1 0 0
2
2
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Assuming that the analog transfer function to be realized is of
the form
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Comparison of equations (18) and (19) yield
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An analog reference conﬁguration can be transformed into its
digital equivalent by using wave characterization and the pro-
posed fractional GIC structure. The individual ports of Fig. 6 are
identiﬁed in Fig. 7 and each port is assigned a suitable port con-
ductance, i.e, G
TG
A1
0
21
= , G
G
TA2
221
= and G GA3 1= . A general
biquadratic digital ﬁlter structure is obtained by using the digital
Fig. 3. Current conversion GIC.
Fig. 4. Fractional GIC structure.
Fig. 5. Block representation of fractional GIC structure.
Fig. 6. Analog GIC reference conﬁguration.
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equivalents of the CGICs, voltage sources, resistors and parallel in-
terconnections. It is shown in Fig. 8. This biquadratic digital ﬁlter
structure can be used to realize all standard second-order digital
ﬁlter sections. The output V0 can be obtained by applying an adder
at the input or output of any one of the CGICs. Depending on the
the value of k0, k1 and k2, different second-order digital ﬁlter sec-
tions are attained as shown in Table 1. The transfer function realized
by the digital structure is
H z
B
A
B A
A
V
V
H sD
i i i
s
T
z
z
( ) = = + = = ( )[ ]
=
−( )
+( )
0 2 2 0
21 1
19 1
2
2 (20)
The second-order lowpass and highpass digital ﬁlter sections are
shown in Figs. 9 and 10, respectively. The second-order bandpass
and bandstop digital ﬁlter sections are depicted in Figs. 11 and 12,
respectively. These digital ﬁlter sections are referred to as fractional
GIC digital ﬁlter sections. The multiplier coeﬃcients m1 and m2 of
the parallel adaptor are given by Antoniou [9].
m mp1 1 1= − (21)
m mp2 2 1= − (22)
where
m
G
G G G
kpk
kA
A A A
=
+ +
=
2
1 2
1 2 3
, , (23)
The values of the multiplier coeﬃcients used in digital ﬁlters of
Figs. 9–12 are obtained by making use of equation (20) and port
conductances. Their values are as follows.
k
a
b
0
0
0
=
Fig. 7. Identiﬁcation of individual ports of reference conﬁguration.
Fig. 8. Biquadratic digital ﬁlter structure.
Table 1
Second-order analog transfer functions.
Type Value of ki, 0 ≤ i ≤ 2 N(s)
Lowpass k0 = 1, k1 = k2 = 0 a0
Highpass k0 = k1 = 0, k2 = 1 a2s2
Bandpass k0 = k2 = 0, k1 = 1 a1s
Bandstop k0 = k2 = 1, k1 = 0 a0 + a2s2
Fig. 9. Fractional lowpass digital ﬁlter section.
Fig. 10. Fractional highpass digital ﬁlter section.
Fig. 11. Fractional bandpass digital ﬁlter section.
Fig. 12. Fractional bandstop digital ﬁlter section.
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The steps used to design the proposed second-order wave digital
ﬁlter sections are summarized below.
1. Obtain a fractional bilinear transform transfer function by se-
lecting a speciﬁc value of fractional delay d, 0 < d < 1 in equation
(6) (for d = 0.1 the resultant transform is obtained in equation
(8)).
2. Apply resultant transform for analog to digital conversion in equa-
tion (14) to obtain h(z). Get F(z) from equation (16) by putting
the value of h(z) in equation (15).
3. The fractional GIC structure can be obtained from equations (12)
and (16) (for d = 0.1, resultant fractional GIC structure is shown
in Fig. 4).
4. Replace the individual ports of Fig. 7 with the obtained frac-
tional GIC structure. The resultant biquadratic digital ﬁlter
structure is shown in Fig. 8 and the transfer function of digital
ﬁlter structure is obtained using equation (20).
5. Different second-order ﬁlter sections can be obtained using the
value of ki given in Table 1.
The procedure given in Antoniou and Rezk [5] is followed to
design any standard ﬁlter using the proposed second-order ﬁlter
sections. A 6th-order digital ﬁlter designed using the proposed frac-
tional second-order ﬁlter sections is given in Section 6.
5. Scaling and noise analysis
In this section, the performance of the proposed ﬁlter sections
are analyzed in comparison to the GIC ﬁlter sections. The compar-
ison is done on the basis of noise performance for the noise
introduced by the product quantization. The quantization of themul-
tiplication operation is treated as the round-off noise in the ﬁlter
structure [14]. It is important to scale the digital ﬁlter section before
noise performance is analyzed because the unscaled digital ﬁlter
does not provide a realistic image of the noise performance. The
proper performance evaluation is done by computing the noise PSD
for each ﬁlter section.
5.1. Signal scaling
If all the signal amplitudes throughout the ﬁlter remains low,
the ﬁlter operates ineﬃciently and the signal to noise ratio will be
poor. On the other hand, if the amplitude of any internal signal in
a ﬁxed-point implementation is allowed to exceed the dynamic
range, overﬂow will occur, which leads to severe distortion in the
output signal [9]. Therefore, for optimum ﬁlter performance suitable
signal scaling must be employed to adjust the various signal levels.
So the scaling multiplier is used at the input of each ﬁlter section
as shown in Fig. 13. The scaling multiplier constant λ is chosen such
that the amplitudes of the multiplier inputs are bounded by M if
the section input |x(n)| ≤ M [15]. This technique is applied in each
fractional GIC digital ﬁlter section. The signal ﬂow graph of each
ﬁlter section is shown in Fig. 14. The transfer function between
section input and nodes A, B and D, respectively, are given below
and shown in Fig. 14.
H z
N z
D z
A
A( ) = ( )( ) (26)
H z
N z
D z
B
B( ) = ( )( ) (27)
H z
N z
D z
D
D( ) = ( )( ) (28)
The aforementioned numerator polynomials, i.e, NA(z), NB(z) and
ND(z) are given in Tables 2, 3 and 4, respectively.
The denominator polynomial D(z) is given by
D z z m m z m m
m
( ) = + −( ) + + +( )
+ +
2
1 2 1 2
1
1 81 1 71 0 09 0 18 0 28 0 08
0 01 0
. . . . . .
. . .01 0 012m +( ) (29)
The optimum value of λ for maximum signal to noise ratio is
given by [13]
λ
ω ω ω
=
1
, ,max H H HA B D( ) ( ) ( ){ }∞ ∞ ∞ (30)
Fig. 13. Second-order scaled ﬁlter section.
Fig. 14. Signal ﬂow graph of fractional GIC ﬁlter section.
Table 2
Polynomial NA(z).
Type NA(z)
Lowpass 1 9 0 1 0 9 0 12 2. . . .z z m z m+( ) − −( )
Highpass 0 1 0 1 0 9 0 11 1. . . .z z m z m−( ) + +( )
Bandpass − −( ) − −( ) +( )z m z m2 2 21 81 1 8 0 2 0 18 0 01. . . . .
Bandstop k z m z m m m z z0 2 2 2 2 2 21 9 1 71 0 1 0 28 0 01 1 0 09 0 08. . . . . . .−( ) + −( ) −[ ]− +( ) − −( )0 01.
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where
H H
s
ω ω
ω ω
( ) = ( )
∞
≤ ≤0
max
and ωs is the sampling frequency.
A 6th-order ﬁlter is designed using three cascade sections of three
fractional GIC sections which are shown in Fig. 15. The maximum
signal to noise ratio can be achieved if
λ
ω ω ω
0
1
1 1 1
= ( ) ( ) ( ){ }
∞ ∞ ∞
max , ,H H HA B D
(31)
λ λ ω ω ω ω ω ω1 0
1
2 1 2 1 1 2
= ( ) ( ) ( ) ( ) ( ) ( ){ }
∞ ∞ ∞
max , ,H H H H H HA D B D D D
(32)
λ
λ λ ω ω ω ω ω ω
ω
2
0 1
=
1
, ,3 1 2 3 1 2
1
max H H H H H H
H
A D D B D D
D
( ) ( ) ( ){ ( ) ( ) ( )
( )
∞ ∞
H HD D2 3ω ω( ) ( ) }∞ (33)
where HAi ω( ), HBi ω( ) and HDi ω( ) for 1 ≤ i ≤ 3, are the transfer func-
tions of the ith section. If
H H H H HDD
i
A D
i
B i
i
i iω ω ω( ) < ( ) ( )⎧⎨⎩
⎫⎬⎭= ∞ = ∞ = ∞∏ ∏ ∏1
3
3
1
2
1
2
 3max , (34)
an additional multiplier with a constant
λ λ λ λ ω ω ω3 0 1 2
1
 1 2 3
= ( ) ( ) ( )
∞
H H HD D D
(35)
can be used at the output of the ﬁlter to raise the output to the
maximum permissible level.
5.2. Product quantization
Product quantization errors arise at the outputs of the
multipliers. These errors tend to propagate through the ﬁlter
and give output noise commonly referred to as the output
round-off noise. The effect of product quantization in a digital
ﬁlter structure is studied by evaluating the PSD of the noise
superimposed on the output signal [16]. The noise model for the
scaled fractional GIC section is represented in Fig. 16, where e(n)
is the noise component generated by single multiplier. The
transfer functions between nodes E, F and section output are
given by
H z
z z
D z
E ( ) = +( ) −( )( )
0 19 0 01 1. .
(36)
H z
m z
D z
F ( ) = +( ) +( )( )
1 1 9 0 11
2. . (37)
The dashed line in Fig. 16 is applicable to the bandstop section
only. Let S0(ω) be the noise PSD at the ﬁlter output which is given
by
S H H H SD E F m0
2 2 22ω ω ω ω ω( ) = ( ) + ( ) + ( ){ } ( ) (38)
where HF ω( ) ≠ 0 only in the case of bandstop section and Sm(ω) is
the PSD of the noise generated by single multiplier which is given
by
Sm ω
δ( ) =
2
12
(39)
where δ is the quantization step [5].
The noise generated by the two multipliers m1 and m2 will be
attenuated at low as well as high frequencies in fractional GIC sec-
tions, as in Antoniou and Rezk [5]. The three cascade sections which
are scaled by λi are shown in Fig. 17. Its noise PSD is given by
S H H HDj Ej
j
i
i j
Di
i j
0
2 2
1
3
2
3
2
1
3
1 2ω ω ω λ ω( ) = + ( ) + ( ){ } ( )⎡⎣⎢
⎤
⎦= = = +∑ ∏ ∏ ⎥ ( )Sm ω (40)
6. Design examples
The conventional GIC and the fractional GIC structures are used
to design a second-order lowpass and highpass digital ﬁlter sections
Table 3
Polynomial NB(z).
Type NB(z)
Lowpass 1 1 9 0 1 0 9 0 11+( ) +( ) +( )m z z. . . .
Highpass − −( ) +( ) +( )0 1 0 1 1 0 9 0 12. . . .z m z
Bandpass − +( ) + +( ) +( )z m z m2 1 11 81 1 8 0 2 0 18 0 01. . . . .
Bandstop k m z z z m z m0 1 2 2 1 11 1 71 0 28 0 01 0 1 0 09 0 08 0 1+( ) + +( )[ ]+ +( ) − −( ). . . . . . . − 0 01 1. m
Table 4
Polynomial ND(z).
Type ND(z)
Lowpass 1 1 9 0 11
2+( ) +( )m z. .
Highpass 1 0.1 0.12
2+( ) −( )m z
Bandpass 1 0 01 0 01 0 19 0 191 2 1 2−( ) +( ) + +( )( )z m m m z m z. . . .
Bandstop k m z m z0 1
2
2
21 1 9 0 1 1 0 1 0 1+( ) +( ) + +( ) −( ). . . .
Fig. 15. Signal ﬂow graph for sixth order cascade realization.
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which in turn are utilized for the cascade synthesis of a 6th-order
ﬁlter. The conventional GIC digital ﬁlter sections employed are de-
picted in Figs. 18–21. The transfer function of these 6th-order ﬁlter
is given by
H s
a a s a s
b b s s
j j j
j jj
( ) = + +
+ +
=
∏ 0 1 2
2
0 1
2
1
3
For the sake of simplicity, only lowpass and highpass ﬁlters are
considered for comparison. The speciﬁcations for ﬁlters are taken
from Antoniou and Rezk [5].
1. Butterworth low pass ﬁlter with a 3 dB cutoff frequency of 103
rad/sec and the sampling frequency of 104 rad/sec.
2. Butterworth high pass ﬁlter with a 3 dB cutoff frequency of 103
rad/sec and the sampling frequency of 104 rad/sec.
The continuous-time transfer function of each of the above ﬁlter
can be obtained easily. By applying analog to digital transform, the
corresponding digital transfer function can be obtained. Each trans-
fer function is realized by conventional and proposed digital
structure. The design steps accomplished according to Antoniou and
Rezk [5] are as follows.
1. The GIC and fractional GIC structures of each ﬁlter are scaled for
all possible section sequences.
2. The noise spectrum is obtained by computing PSDwhich is equal
to 10 10
0log
S
Sm
ω
ω
( )
( ) .
3. The optimum section sequence from the point of view of signal
to noise ratio was chosen for each synthesis.
The lowpass and highpass ﬁlter coeﬃcients of fractional and con-
ventional GIC ﬁlters are given in Tables 5 and 6, respectively. The
denominator and multiplier coeﬃcients are same for the 6th-
order lowpass and highpass ﬁlters. The numerator coeﬃcients for
the lowpass and highpass ﬁlters are given by a bj j0 0= , a j1 0= , a j2 0=
and a j2 1= , a j0 0= , a j1 0= , respectively for j = 1, 2, 3. The frequen-
cy response of the lowpass and highpass ﬁlters are shown in Figs. 22
and 23, respectively. By applying bilinear and fractional bilinear trans-
form, it is evident that the frequency response of the fractional GIC
based lowpass/highpass ﬁlter (solid line) is more similar and close
Fig. 16. Noise model for scaled fractional GIC section.
Fig. 17. Three cascade scaled sections.
Fig. 18. Conventional lowpass digital ﬁlter section [5].
Fig. 19. Conventional highpass digital ﬁlter section [5].
Fig. 20. Conventional bandpass digital ﬁlter section [5].
Fig. 21. Conventional bandstop digital ﬁlter section [5].
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to the analog lowpass/highpass ﬁlter frequency response (dashed-
dotted line) than the frequency response of the conventional GIC
based lowpass/highpass ﬁlter (dashed line) because bilinear trans-
form compresses the frequency axis leading to sharper transition
band but the frequency mapping is distorted. To overcome this
problem Fractional bilinear transform is applied and it is shown in
Figs. 22 and 23 that fractional GIC wave digital ﬁlter provides better
approximation for the frequency response of the analog ﬁlter than
the conventional GIC wave digital ﬁlter.
A digital transfer function can be realized using variety of struc-
tures, where each structure possesses different product quantization
noise. When the product of a signal and multiplier is rounded, a
product quantization error occurs and the effect of error is evalu-
ated by the PSD of the noise. The noise PSD at the ﬁlter output
depends on the transfer function betweenmultiplier node and struc-
ture output as described in section 5.2, which differ for each
structure. In this paper, the noise performance of the proposed struc-
ture is compared with the conventional structure for the realization
of 6th-order lowpass and highpass ﬁlter. The noise PSD as a func-
tion of frequency for the lowpass and highpass digital ﬁlter sections
are shown in Figs. 24 and 25, respectively. From these plots, it is
observed that the noise performance of the proposed fractional GIC
ﬁlters is ameliorate than that of the conventional GIC ﬁlters. As
shown in Fig. 24, the output noise PSD of the proposed fractional
GIC ﬁlter (solid line) is approximately 12 dB less than that of the
conventional GIC ﬁlter (dashed-dotted line) at lower frequency range
of 100 to 103 rad/sec. This reduction in noise PSD of the proposed
fractional GIC lowpass ﬁlter leads to signiﬁcant improvement in the
inband signal to noise ratio for the fractional GIC lowpass ﬁlter. A
similar improvement is achieved in the proposed fractional GIC
highpass ﬁlter (Fig. 25). The noise PSD of proposed fractional GIC
highpass ﬁlter is approximately 8 dB lower at high frequencies which
leads to an improved inband signal to noise ratio in comparison to
that of the conventional GIC highpass ﬁlter. The results for the
average noise power over the entire frequency band are summa-
rized in Table 7. The proposed fractional lowpass and highpass digital
ﬁlters have lower average noise power (in dB) in comparison to that
of the conventional lowpass and highpass digital ﬁlters.
The aim of this work to design a low noise GIC digital ﬁlter struc-
ture with better signal to noise ratio than the conventional GIC
structure is achieved by fractional GIC structure and it is evident
from Figs. 24 and 25. The signal to noise ratio can be further en-
hanced by increasing the multiplier bit width. Additionally, the ﬁlter
structure is obtained, which provides a better approximation of the
analog ﬁlter magnitude response than the conventional GIC ﬁlter
structure, as observable in Figs. 22 and 23 and all these improve-
ments are achieved by making use of fractional bilinear transform.
The arithmetic operations required by the various ﬁlter struc-
tures, excluding scaling multiplications, are given in Table 8. The
number of adders and multipliers required in a fractional GIC ﬁlter
structure is somewhat higher relative to those in the conventional
GIC digital ﬁlter structure. The number of unit delay used in frac-
tional GIC structure is same as the conventional one. There is a
tradeoff between the signal to noise ratio and number of adders and
Table 5
Lowpass and Highpass ﬁlter parameters of fractional GIC ﬁlter.
j b j0 b j1 m j1 m j2
1 1 0006 106. × 517.795292 −0.998237336374078 0.967752135339999
2 1 0006 106. × 1414.4242 −0.998282664610938 0.917149891350171
3 1 0006 106. × 1932.434557 −0.998307805199837 0.889084157898719
Table 6
Lowpass and Highpass ﬁlter parameters of conventional GIC ﬁlter.
j b j0 b j1 m j1 m j2
1 1 069676 106. × 5 353680 102. × − × −8 342350 10 1. 5 701500 10 1. × −
2 1 069676 106. × 1 462653 103. × − × −8 650900 10 1. 2 778910 10 1. × −
3 1 069676 106. × 1 998021 103. × − × −8 781810 10 1. 1 538890 10 1. × −
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Fig. 22. Frequency response of lowpass digital ﬁlter.
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Fig. 23. Frequency response of highpass digital ﬁlter.
Table 7
Average noise power in decibel.
Design Lowpass Highpass
Conventional GIC ﬁlter 26.715 20.439
Fractional GIC ﬁlter 21.718 18.372
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multipliers. It is observed that the conventional GIC digital ﬁlter is
somewhat more economical but the fractional GIC digital ﬁlter has
better signal to noise ratio and provides magnitude response more
closer to the analog one, which plays a more important role in de-
ciding the ﬁlter performance. It is a well known fact that the wave
digital ﬁlters have low coeﬃcient sensitivity. Thus, it is possible to
represent ﬁlter coeﬃcients utilizing only a few bits. This could allow
for decreasing the size of the applied multipliers or even replac-
ing them by shift-add and carry save operations. Henceforth, the
proposed fractional GIC ﬁlters would be preferable for applica-
tions where a better signal to noise ratio and analog ﬁlter
approximation is required.
7. Conclusions
A new approach for designing of the wave digital fractional GIC
ﬁlter using wave characterization, fractional bilinear transform and
analog network comprising GIC is explored. This approach keeps
the linearity property intact while performing analog to digital con-
version to get results more approximate to the analog one. A second-
order transfer function realized using conventional GIC and fractional
GIC structure are successively used for the synthesis of cascade
lowpass and highpass digital ﬁlters. The resultant 6th-order ﬁlter
has been compared in terms of noise power and frequency re-
sponse. The noise generated by the virtue of the product quantization
is investigated and it is shown that the proposed fractional GIC ﬁlter
gives forthmore competent result than the conventional one in terms
of noise PSD. It is also shown that the frequency response of the
lowpass and highpass ﬁlter approximates the frequency response
of the analog lowpass and highpass ﬁlter. The proposed fractional
GIC ﬁlter is evinced to have better inband signal to noise ratio under
the constraint of increased arithmetic operations. Resultantly, it gives
designers the freedom to choose the proposed fractional GIC ﬁlters
for applications where a better signal to noise ratio and analog ﬁlter
approximation is required.
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Table 8
Arithmetic operations.
Conventional GIC structure Fractional GIC structure
Lowpass Highpass Bandpass Bandstop Lowpass Highpass Bandpass Bandstop
Additions 18 18 18 24 24 24 24 30
Multiplications 6 6 6 9 18 18 18 21
Unit Delays 6 6 6 6 6 6 6 6
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Fig. 24. Lowpass ﬁlter PSD versus frequency.
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Fig. 25. Highpass ﬁlter PSD versus frequency.
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